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Abstract 

We study cosmological dynamics of a flat Randall- Sundrum brane with 
a scalar field and a negative "dark radiation" term. It is shown that in 
some situations the "dark radiation" can mimic spatial curvature and 
cause a chaotic behavior which is similar to chaotic dynamics in closed 
Universe with a scalar field. 

The phenomenon of transient chaos in homogeneous cosmological models 
had been described by D. Page (he studied a closed isotropic Universe with 
a massive scalar field) even earlier than this concept was formulated and inves- 
tigated systematically (see, for example, |2I IS] ) • The key feature of this type of 
chaos is that the dymamical system (in comparison with the well-known case of 
strange attractors) has a regular regime as its future attractor while particular 
trajectories can experience a chaotic behavior before reaching this stable regime. 
The final outcome can be also represented by some another situation which can 
be treated as a "final state" (as in the case of a cosmological singularity where 
the entire dynamics brakes down). 

In the described dynamics of thr Universe a cosmological singularity is the 
ultimate fate of any (except for a set of zero measure) trajectory, though Uni- 
verse can go through an arbitrary number of "bounces" (i.e. transitions from 
contraction to expansion) before final contraction stage ends in a singularity. 
The set of initial conditions leading to bounces has a rather regular structure 



@| , which allows calculation of topological entropy [SJEI (we should, however, 
mention that for sufficiently shallow scalar field potentials this simple structure 
of the chaos becomes more complicated 0). This type of dynamics is different 
from the Mixmaster chaos where shear variables experience chaotic oscillations 
while volume of the Universe decreases monotonically. Similar picture exists 
for chaos in two-field system, described in Ref. jK| and for non-abelian field 
dynamics Ell ~ both these cases do not require volume oscillations, which 
are crucial for describing type of transient chaos. 

It also differs from the chaos in a closed Universe with a conformal massive 
scalar field [111 IT2*] . The main feature of the latter system is that the dynamics 
can be prolonged through a cosmological singularity to the range of negative 
scale factors. As a result, we have chaotic oscillations of scale factor (it changes 
its sign twice during one oscillation) without any future stable regime, and 
this chaos can not be treated as "transient". Moreover, as only the part of 
a trajectory before the first singularity have a physical significance, there are 
claims that such physical system (in contrast to its mathematical model) has 
no chaotic properties |13M14| . 

The equations of motion for a closed isotropic Universe with a minimally 
coupled scalar field have the form (see, for example, 
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with the first integral 
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Here mp is the Planck mass, a is the scale factor, tp is the scalar field with 
a potential V(<p). 



2 



A peculiar form of the first integral (a 2 and (f 2 enters in the LHS of (3) 
with opposite signs) leads to some dynamical features, which distinguish the 
system (l)-(3) from other abovementioned cosmological chaotic dynamical sys- 
tems. First of all, there are no forbidden regions in the configuration space 
(a, if). Instead, it divided into zone where RHS of (3) is positive (and possible 
extrema of the scale factor are located), and zone where RHS of (3) is negative 
(zone of possible extrema of the scalar field). These two zones are separated by 
the curve [TB] 



which can be treated as a set of possible zero-velocity (4 = = 0) points. 
Numerical studies show that trajectories with these points play an important 
role in the described chaotic structure. In particular, all primary (i.e. having 
one bounce per period) trajectories have zero-velocity points as the points of 
bounce (see numerical examples in [5]). 

Numerical integrations show also that there are regions on the curve (4) 
which can not contain points of bounce. If a trajectory, starting from the 
curve (4) is directed inside the zone of possible extrema of the scale factor, it 
rapidly goes through a point of maximal expansion and evolves further towards 
a singularity. The condition for a trajectory to be directed into the opposite 
zone (the zone of possible extrema of the scalar field) can be written as 



where the function ip(a) in the RHS is the equation of the curve (4). 

The case of equality in (5) corresponds to a trajectory, tangent to the curve 
(4). This situation was first described in £Q, and we call such point as a Page 
point. For the system (l)-(3) the equation for the Page point is ^5] 



(pja> dip(a)/da 



(5) 
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For power-law scalar field potentials the condition (5) is satisfied if <p > 
Ppage, and the corresponding part of the curve (3) contains zero- velocity bounce 
points of periodical trajectories. For exponential potentials the condition (5) 
can be violated for all points on the curve (3), and the whole chaotic structure 
disappears [T51[T7| . 

In all our previous studies we were interested only in steepness of the scalar 
field potential V{ip) for large ip and its influence on the possibility of bounces. On 
the other hand, any positive potential with V(0) = in a close Universe leads to 
a recollaps ultimately, while open and flat Universe will expand forever. This is 
the reason why the transient chaos exists only for closed Universe in the standard 
cosmology. However, violation of positive energy condition can change this 
situation |18| . There are several possible sources of an effective negative energy 
in modern cosmological scenarios. The influence of a phantom field |19| on 
chaotic properties of the Universe have been studied in j20M21) . Another possible 
source is so called "dark radiation" which appears in braneworld scenarios. The 
sign of dark radiation is not fixed in the theory, and in the case of a negative 
sign the dark radiation can cause the recollaps of a flat brane Universe. The 
goal of the present communication is to study the possibility of a transient chaos 
in a flat brane Universe, where recollaps is achieved solely by a negative dark 
radiation. 

From now on we study a flat RS brane with a scalar field. The equations of 
motions are \22i I23| 

a Oj k . . k . 

- + — = -i^PbiPb + Pb) - -rA 7 
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Here fc 2 = Stt/M?^, where M(s) is a fundamental 5-dimensional Planck mass, 
C is the " dark radiation" . The matter density on a brane is 

Pb = ip 2 /2 + V(<p) + A, 



where A is the brane tension, the effective pressure is 

Pb = <p 2 /2-V(<p), 

the Klein-Gordon equation for a scalar field (2) remains unchanged. 

In the eq.(7)-(8) A is the cosmological constant in a bulk, and we assume that 
A = — (fc 2 /6)A (the Randall- Sundrum constraint) in order to get the effective 
cosmological constant on a brane vanishing. 

The cosmological dynamics on the brane depends on the ratio p/X, where 
p = tp 2 /2 + V(tp) is the energy density of a scalar field (so as p b = p + A). We 
will study two limiting cases p/X -C 1 and p/X ^> 1 separately. 

In the former case (a low-energy regime) expanding (p + A) 2 and neglecting 
p 2 term in comparison with pX, we get the standard linear dependence between 
Hubble parameter square and the matter density |241 125] . Introducing an ef- 
fective 4-dimensional Planck mass m 2 P = 487r/(fc 4 A), the equation (8) can be 
rewritten in a form analogous to (3) with the 4-dimensional Planck mass and 
rescaledC^ 18/(fc 4 A)C: 

3m 2 p ,a 2 C. 

It is clear that the second term in the LHS resembles the spatial curvature 
in the case of C < 0, however, with different power-law dependence on a. The 
question we should answer is whether this difference is crucial for existence of 
the transient chaos in this system. 

It is rather easy to show that the possibility of a bounce does not depend 
significantly on the particular form of a "curvature-like" term C/a p in the LHS of 
eq. (9) for an arbitrary positive p. Indeed, we still have a boundary a ~ V(<p) 1 ' p 
(the analog of (4)), and the analysis similar to ^FJ shows that the equation for 
the Page points has the form V'/V — Const, where the constant depends on 
C and p. This indicates that bounces are possible for any power-law potentials 
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(if ip is large enough) and can disappear for exponentially steep potentials, as 
in the closed Universe described by eqs (l)-(3). Thus, when we change p in 
a generalization of the curvature term, bounce properties of the model remain 
qualitatively unchanged. 

However, the second condition for the chaotic dynamics - transitions from 
expansion to contraction - appears to be sensitive to the power index p. It 
is clear from (9) that a transition to contraction never happens if the matter 
density p decreases less rapidly than a~ p at the expansion stage. It is well-known 
that a late-time regime for the scalar field with the potential V ~ ip n is damping 
oscillations with the effective equation of state in the form p = ^t§/0 [23 • It 
means, in particular, that a massive scalar field (V = m 2 (p 2 /2) behaves like dust 
at the oscillatory stage (p ~ a~ 3 ), while a self-interacting scalar field (V — Xip 4 ) 
has the equation of state of an ultra-relativistic fluid (p ~ a~ 4 ). As the dark 
radiation in the RS brane cosmology decreases as a -4 , we immediately see that 
oscillations of a massive scalar field can not be followed by the contraction epoch, 
and this brane Universe will expand forever. 

Numerical integrations of the system (7)-(8) for the massive scalar field in 
the low-energy regime indicates the absence of chaos. A trajectory starting from 
the point of maximal expansion can be of two clearly distinguished types: 

• A trajectory directly falling into a singularity 

• A trajectory which has a bounce and after that reaches a — > oo regime. 

Trajectories with a point of maximal expansion after bounce have not been 
found. The boundary of basins in the initial condition space leading to this two 
different possibilities (singularity or eternal expansion) is sharp without any 
fractal structure. This means that the dynamics is regular (more about this 
method see, for example, in |27p. 
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In the case of a self-interacting scalar field its energy remains proportional 
to the " dark radiation" , so a late-time recollaps of the brane Universe remains 
impossible. The numerical results for the V = \ip potential are qualitatively 
the same as for the massive scalar field. Only for potential V ~ ip n with n > 6 
(the potential V ~ ip 6 corresponds to asymptotic equation of state in the form 
p = p/2, and leads to the energy density proportional to a~ 4 5 ) a recollaps of 
a flat brane Universe becomes inevitable, and we get the same picture as for a 
closed Universe without " dark energy" . 

We conclude that in the low-energy brane regime with a negative "dark 
radiation" the transient chaos is absent for a massive and self-interacting scalar 
fields, and only for power-law potentials with the index n > 6 we have a chaotic 
regime, similar to the positive spatial curvature case. 

In the high-energy regime the equations of motion are 



The matter part of the RHS of equations (11) is different from (9), while 
the "dark radiation" term C/a 4 remains unchanged. This leads to a situation, 
qualitatively different from the regime described above. Now even in the case 
of massive scalar field the first item in the RHS of (11) falls more rapidly than 
the "dark radiation" , providing an ultimate recollaps. Our numerical results for 
the potential V = m 2 ip 2 /2 confirm existence of a transient chaos. Moreover, 
we noticed that for sufficiently large negative C the structure of trajectories 
becomes similar to the structure described for a shallow scalar field potentials 
in the standard positive spatial curvature case. In JJJ we denote this situation 
as a "strong chaos" regime, however in the absence of unambiguous measure of 




(10) 




(11) 
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chaos it is better to call it " less regular chaos". It's structure requires further 
studies. 

For steeper potential the energy density during scalar field oscillations fall 
even more rapidly and the conditions for a chaos are satisfied as well. The only 
difference is that the resulting chaos is of " classical type" (we have not found 
the " less regular" chaos for any power-law potential steeper than the quadratic 
one). 

We have studied transient chaos on a flat isotropic brane with a scalar field 
and a negative "dark radiation" term. Our results for power-law scalar field 
potentials V(ip) ~ <p n can be summarized as follows: 

• Low-energy regime. No chaos for n < 4, classical transient chaos for n > 4. 

• High-energy regime. "Less regular chaos" for n = 2, classical transient 
chaos for n > 2. 

On the other hand, the upper bound for possible steepness of the potential 
remains the same as for the closed brane Universe. 

The complete picture of a transient chaos in brane cosmology with a scalar 
field is more complicated in comparison with these two limiting cases. In par- 
ticular, both future outcomes (eternal expansion and a new point of maximal 
expansion) are possible after bounce, depending on initial conditions and brane 
tension A. We leave this the most general case to a future work. 
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